Abstract. Let k be an algebraically closed field of characteristic zero. In this paper we consider an integral fusion category over k in which the FrobeniusPerron dimensions of its simple objects are at most 3. We prove that such fusion category is of Frobenius type. In addition, we also prove that such fusion category is not simple.
Introduction
The present work was motivated by an observation that the Frobenius-Perron dimensions of simple objects of many examples are small [4, 9] . It was also motivated by a list of questions posed by a conference titled "Classifying fusion categories" [1] .
Let k be an algebraically closed field of characteristic zero. A fusion category over k is a k-linear semisimple rigid tensor category C which has finitely many isomorphism classes of simple objects, finite-dimensional hom spaces, and the unit object 1 of C is simple.
Fusion categories form a large class of categories. For example, if G is a finite group, then the category rep G of its finite-dimensional representations is a fusion category over k. More generally, if H is a finite-dimensional semisimple Hopf algebra over k, then the category rep H of its finite-dimensional representations is a fusion category. We refer the reader to [5] for the main notions about fusion categories used throughout.
A fusion category C is called of Frobenius type if every Frobenius-Perron dimension of its simple object divides the Frobenius-Perron dimension of C. Namely, the ratio FPdim C/ FPdim X is an algebraic integer for every simple object X. An old conjecture says [6, Appendix] that the representation category of every finitedimensional semisimple Hopf algebra is of Frobenius type. A classical result of Frobenius shows that if C is the category of finite-dimensional representations of a finite group, then C is of Frobenius type. In general, the conjecture still remains open.
In this paper we consider a class of fusion categories whose Frobenius-Perron dimension is even. The Frobenius-Perron dimensions of their simple objects are 1, 2 or 3. We prove that such fusion category is of Frobenius type, by analyzing the structure of their Grothendieck ring.
In section 2, we recall the main notions and results relevant to the problem we consider. The main result is contained in Section 3.
Preliminaries
Let C be a fusion category over k and let Irr(C) denote the set of isomorphism classes of simple objects of C. Then Irr(C) is a basis of the Grothendieck ring K 0 (C) of C. We use FPdim x to denote the Frobenius-Perron dimension of x ∈ Irr(C). It is the Frobenius-Perron eigenvalue of the matrix of left multiplication by x in K 0 (C). This extends to a ring homomorphism FPdim : K 0 (C) → R. This is the unique ring homomorphism that takes positive values in all elements of Irr(C). The FrobeniusPerron dimension of C is defined by
A fusion category C is called integral if FPdim X ∈ Z for all objects of C. Every integral fusion category is isomorphic to the category of representations of some finite dimensional semisimple quasi-Hopf algebra [5, Theorem 8.33 ]. Let C be a fusion category over k. Let G(C) denote the set of isomorphism classes of invertible objects of C. Then G(C) is a subgroup of the group of units of K 0 (C).
Let X be an object of C. Then FPdim X is defined to be the Frobenius-Perron dimension of the class of X in K 0 (C). As shown in [5] , FPdim X ≥ 1, for all objects X of C. In particular, FPdim X = 1 if and only if X is an invertible object.
For every y ∈ K 0 (C), we may write y = x∈Irr(C) m(x, y)x, where m(x, y) ∈ Z. The integer m(x, y) is called the multiplicity of x in y. This extends to a bilinear form m : K 0 (C) × K 0 (C) → Z. We then have m(x, y) = dim Hom C (X, Y ), where x and y denote the class of the objects X and Y of C, respectively.
The following two lemmas are restatements of [10, Theorem 9 and 10] in the context of fusion categories. 
Using the notations above, we have an equation
where x ∈ Irr(C). We use Irr α (C) to denote the set of isomorphism classes of simple objects of C of Frobenius-Perron dimension α, where α ∈ R + , Let C be a fusion category. Then D ⊆ C is a fusion subcategory if D is a full tensor subcategory such that if X ∈ C is isomorphic to a direct summand of an object of D, then X ∈ D. If D is a fusion subcategory of C, then FPdim D divides FPdim C [5] . Recall that a fusion category is called simple if it has no nontrivial proper fusion subcategories.
Fusion subcategories of C correspond to fusion subrings of the Grothendieck ring of K 0 (C), where fusion subrings means a subring which is spanned by a subset of Irr(C). A subset S ⊆ Irr(C) spans a fusion subring of K 0 (C) if and only if the product of elements of S decomposes as a sum of elements of S.
There is a unique largest pointed fusion subcategory of C which is generated by the group G(C) of invertible objects of C. We denote this pointed fusion category by C pt . Moreover, the order of G(C) equals FPdim C pt and so it divides FPdim C.
In the case when C is the representation category of a finite-dimensional semisimple Hopf algebra, the proof of the following lemma is given in [10] , while for the general case its proof is given in [4] . Lemma 2.3. Let x ∈ Irr(C). Then the following hold:
2 , where n is the number of nonisomorphic simple objects of Frobenius-Perron dimension FPdim x.
We call that C is of type
are positive real numbers and n 1 , n 2 , · · · , n s are positive integers, if C has n 0 nonisomorphic simple objects of Frobenius-Perron dimension d 0 , n 1 non-isomorphic simple objects of Frobenius-Perron dimension d 1 , an so on.
Therefore
4. Let C be a fusion category. If there exists x 2 ∈ Irr 2 (C) such that x 2 x * 2 = 1+g +x 2 then C has a fusion subcategory of type (1, 2; 2, 1), where g ∈ G(C). Proof. Under the assumption above, {1, g, x 2 } spans a fusion subring of K 0 (C), which corresponds to a fusion subcategory of the given type.
Main results
Proposition 3.1. Let C be an integral fusion category such that the FrobeniusPerron dimension of every simple object is at most 3. Suppose that there exists x 2 ∈ Irr 2 (C) and x 3 ∈ Irr 3 (C) such that x 2 x * 2 = 1 + x 3 . Then C has a fusion subcategory of the type (1, 3; 3, 1).
where w is a sum of two elements of Irr 2 (C) and m(x 2 , w) = 0. Suppose that u ∈ Irr 2 (C) such that m(u, w) > 0. Then m(u, x 3 x 2 ) = m(x 3 , ux * 2 ) ≤ 1. Hence, w is a sum of two distinct elements of Irr 2 (C). So we may write Corollary 3.3. Let C be an integral fusion category such that the Frobenius-Perron dimension of every simple object is at most 3. Suppose that Irr 2 (C) = ∅. Then at least one of the followings holds:
(1) C has a fusion subcategory of type (1, 3; 3, 1).
(2) There exists g ∈ G(C) of order 2 and C has a fusion subcategory of type (1, n 0 ; 2, n 1 ), where n 0 = |G(C)| and n 1 = | Irr 2 (C)|.
In particular, 2 divides the Frobenius-Perron dimension of C.
Proof. If there exists x 2 ∈ Irr 2 (C) such that x 2 x * 2 = 1 + x 3 for some x 3 ∈ Irr 3 (C), then part (1) follows from Proposition 3.1, otherwise part (2) follows from [4, Lemma 3.2(a)].
Proposition 3.4. Let C be an integral fusion category such that the FrobeniusPerron dimension of every simple object is at most 3. Suppose that Irr 3 (C) = ∅. Then at least one of the followings holds:
(1) C has a pointed fusion subcategory of Frobenius-Perron dimension 3. There are two possible decompositions of x 3 x * 3 :
Suppose that the first decomposition of x 3 x * 3 holds true. From 1 = m(x 2 , x 3 x * 3 ) = m(x 3 , x 2 x 3 ) we have x 2 x 3 = x 3 + u, where FPdim u = 3. Since FPdim x 2 = FPdim x 3 , u can not contain elements from G(C). Therefore, u ∈ Irr 3 (C) and u = Assume that x 2 2 = 1 + g 1 + g 2 + g 3 , where g i ∈ G(C), i = 1, 2, 3. In this case, x 2 must lie in the decomposition of x 2 x ′ 3 or x 2 x ′′ 3 by equation (2) . A similar argument as in the paragraph above shows that it is impossible. So we get a contradiction in this case.
Suppose that the second decomposition of
Assume that w i = x 3 . Then a i x 3 = 2x 3 and hence
From the equality above we first know that b ′ = c ′ , since the right hand side is not divisible by 2, hence 1 must lie in the decomposition of a 2 i . It follows that a i is self-dual and G[a i ] = {1}. We then may write a 2 i = 1 + w, where w ∈ Irr 3 (C). But it is impossible because the right side of equality (3) does not contain elements of Irr 3 (C). Therefore, w = x 3 and hence m(a i , x 3 x * 3 ) = 1. Hence, the multiplicity of a 1 , a 2 , a 3 and a 4 in x 3 x * 3 is 1, respectively. In other words, a 1 , a 2 , a 3 , a 4 are distinct. By Proposition 3.1, if there exists i such that a i a * i = 1 + v for some v ∈ Irr 3 (C) then C has a fusion subcategory of type (1, 3; 3, 1) . We are done in this case. We therefore assume that the order of G[a i ] is greater than 1 for all i. In addition, Lemma 2.3 shows that in this case the order of G[a i ] is 2 or 4 for all i.
Hence gx 3 = w i = hx 3 . Since G[x 3 ] = {1}, we have g = h. Therefore, the order of G[a i ] is 2 for all i.
We may write a i a * i = 1+g i +b i for some g i ∈ G(C) and b i ∈ Irr 2 (C). Since a * i also lies in the decomposition of . Furthermore, the discussion in the paragraph above shows that b ∈ {a 1 , a 2 , a 3 , a 4 }, and hence the order of G[b] is 2. Therefore, we get the contradiction that {1, g} = {1, h}.
As a conclusion, we obtain that ga i = a i for all i. Since {a 1 , a 2 , a 3 , a 4 } = {a * 1 , a * 2 , a * 3 , a * 4 }, we also obtain that ga * i = a * i . Hence, a i g = a i for all i. From a i x 3 = x 3 + w i and ga i = a i , we obtain that w i = gx 3 . Multiplying a i x 3 = x 3 + gx 3 on the right by x * 3 , we have a i (1 + a 1 + a 2 + a 3 + a 4 ) = a i + a i a 1 + a i a 2 + a i a 3 + a i a 4   = 1 + a 1 + a 2 + a 3 + a 4 + g(1 + a 1 + a 2 + a 3 + a 4 ) = 1 + g + 2a 1 + 2a 2 + 2a 3 + 2a 4 . Therefore, a i a 1 , a i a 2 , a i a 3 and a i a 4 are the sums of elements of {1, g, a 1 , a 2 , a 3 , a 4 }, respectively. Combining this result with the fact that ga i = a i g = a i , we obtain that {1, g, a 1 , a 2 , a 3 , a 4 } spans a fusion subring of K 0 (C). It follows that C has a fusion subcategory of type (1, 2; 2, 4). This completes the proof.
Combining Corollary 3.3 with Proposition 3.4, we obtain our main result.
Theorem 3.5. Let C be an integral fusion category such that the Frobenius-Perron dimension of every simple object is at most 3. Then C is of Frobenius type and C is not simple.
Remark 3.6. In the semisimple Hopf algebra setting, there are two relevant results: Let H be a finite-dimensional semisimple Hopf algebra over k. In [10] , the authors proved that if H has a simple module of dimension 2 then 2 divides the dimension of H. In [2, 3, 7] , the authors proved that if dimH is odd and H has a simple module of dimension 3 then 3 divides the dimension of H. However, it is not known whether 3 divides dimH when dimH is even and H has a simple module of dimension 3. Our present work gives a partial answer to this question.
